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The nature of the randomness-induced quantum spin liquid state, the random-singlet state, is
investigated in two dimensions (2D) by means of the exact-diagonalization and the Hams-de Raedt
methods for several frustrated lattices, e.g., the triangular, the kagome and the J1-J2 square lattices.
Properties of the ground state, the low-energy excitations and the finite-temperature thermodynamic
quantities are investigated. The ground state and the low-lying excited states consist of nearly iso-
lated singlet-dimers, clusters of resonating singlet-dimers, and orphan spins. Low-energy excitations
are either singlet-to-triplet excitations, diffusion of orphan spins accompanied by the recombination
of nearby singlet-dimers, creation or destruction of resonating singlet-dimers clusters. The latter
two excitations give enhanced dynamical ‘liquid-like’ features to the 2D random-singlet state. Com-
parison is made with the random-singlet state in a 1D chain without frustration, the similarity and
the difference between in 1D and in 2D being highlighted. Frustration in a wide sense, not only
the geometrical one but also including the one arising from the competition between distinct types
of interactions, play an essential role in stabilizing this frustrated random singlet state. Recent
experimental situations on both organic and inorganic materials are reviewed and discussed.
I. INTRODUCTION
In the field of magnetism, there has recently been re-
vived interest in the so-called quantum spin liquid (QSL)
state [1–3]. The state may vaguely be defined as a pos-
sible low-temperature state of strongly interacting mag-
nets, which does not exhibit any kind of magnetic long-
range order (LRO) nor a spontaneous symmetry break-
ing even including the spin-glass-type freezing, as a result
of strong quantum fluctuations. The interest was initi-
ated by the proposal of the so-called “resonating valence
bond (RVB)” state by P.W. Anderson in 1973 [4]. The
RVB state was considered as a quantum-mechanical su-
perposition of various types of spin-singlet coverings on a
given lattice. Anderson argued that the RVB state might
be realized in the s = 1/2 Heisenberg antiferromagnet
on the triangular lattice in which geometrical frustration
might help destabilize the Neel-type antiferromagnetic
(AF) LRO. Since then, a lot of theoretical and experi-
mental activities were made to realize this hypothetical
state in realistic models, and eventually, in real magnets.
It is relatively recent that promising candidate mate-
rials were reported experimentally. In 90’s, probably the
first candidate of QSL material was reported in the nu-
clear magnetism of two-dimensional (2D) solid 3He film
[5]. The observed QSL state was gapless accompanied
by the temperature(T )-linear low-T specific heat. In
3He, multi-body exchange couplings are generally strong
which frustrates the standard bilinear (two-body) ex-
change coupling.
In this century, a variety of QSL candidate materi-
als were reported in more standard electron-spin mag-
netism, especially in a variety of 2D quantum mag-
nets on geometrically frustrated lattices, e.g., the tri-
angular and the kagome lattices. Well-studied exam-
ples are s = 1/2 organic salts on the triangular lattice-
like κ-(ET)2Cu2(CN)3 [6–17], EtMe3Sb[Pd(dmit)2]2
[18–25], κ-H3(Cat-EDT-TTF)2 [26–28], and s =
1/2 inorganic kagome antiferromagnet herbertsmithite
ZnCu3(OH)6Cl2 [29–37]. These QSL magnets are s =
1/2 Heisenberg-like magnets with only weak magnetic
anisotropy, and exhibit gapless (or nearly gapless) QSL
behavior with the T -linear low-T specific heat. Sim-
ilar gapless QSL behavior has also been observed for
geometrically-unfrustrated lattices such as the square
and the honeycomb lattices where frustration is borne
by, e.g., the competition between the nearest-neighbor
(NN) and the next-nearest-neighbor (NNN) interac-
tions, J1 and J2. Examples are a square-lattice mag-
net Sr2Cu(Te1−xWx)O6 [38–40] and a honeycomb-lattice
magnet 6HB-Ba3NiSb2O9 [41–43].
In fact, a similar gapless QSL behavior was reported
not only in 2D quantum magnets but also in 3D quantum
magnets, e.g., a highly frustrated pyrochlore magnet,
It was recently reported that the mixed-anion s = 1/2
quantum pyrochlore antiferromagnet Lu2Mo2O5N2 ex-
hibited a gapless QSL behavior characterized by the T -
linear specific heat [44], very much similar to the one
observed in various 2D QSL magnets mentioned above.
Thanks to these active researches, we now have con-
siderable number of experimental realizations of gapless
QSL in quantum Heisenberg-like magnets both in 2D and
3D. The true physical origin of such gapless QSL behav-
ior, however, still remains controversial. One promis-
ing scenario was proposed by one of the present au-
thor (H.K.) and collaborators since 2014. The proposal
2was that these widely observed gapless QSL-like states
might be stabilized by the randomness or the inhomo-
geneity, either of extrinsic or intrinsic origin [45–49]. It
has been demonstrated in a series of numerical works that
such a randomness-induced gapless QSL-like state, called
the “random-singlet state”, is stabilized for 2D random
s = 1/2 Heisenberg models on various frustrated lattices,
including the triangular [45, 47], the kagome [46, 47],
the J1-J2 honeycomb [48] and the J1-J2 square [49] lat-
tices, as long as the randomness is moderately strong.
It has also been argued that the origin of such (effec-
tive) randomness in real materials could be of variety,
e.g., the intrinsic ones like the dynamical freezing of the
charge (dielectric) degrees of freedom in case of κ-ET
and dmit salts and the slowing down of the proton mo-
tion in case of Cat salt, or the extrinsic ones like the
possible Jahn-Teller distortion accompanied by the ran-
dom substitution of Zn2+ by Cu2+ in case of herbert-
smithite and the random occupation of Te/W in case
of Sr2Cu(Te1−xWx)O6. More recently, the randomness-
induced QSL state was confirmed numerically even in
3D for the random s = 1/2 Heisenberg model on the
pyrochlore lattice [50]. We note that a pioneering work
was also made by Singh, who studied the effect of the
site dilution on the ground state of the s = 1/2 kagome-
lattice Heisenberg AF with herbertsmithite in mind, and
identified a QSL-like state by means of a series expansion
method [51]. He called the state the valence-bond glass
[52].
In Refs.[45–49], the “random-singlet state” was
vaguely defined as the randomness-induced gapless non-
magnetic state primarily consisting of spin singlets. Its
name was invoked from the earlier works on the ran-
dom AF Heisenberg spin chains in 1D [53–56] and dilute
magnetic semiconductors [57]. In particular, the random-
singlet state in 1D was extensively studied by the strong-
disorder renormalization-group (RG) method [53–56]. In
1D, the random-singlet state is stabilized without frus-
tration, and is described by an infinite-randomness fixed
point [56, 58]. By contrast, the QSL state experimentally
observed in the last decade is more tightly-connected 2D
and 3D system, and is quite likely to possess a significant
amount of frustration, either the geometrical one or the
one arising from the competition between distinct types
of interactions, e.g., J1 and J2 [38–43] or the standard
two-body exchange and the multi-body exchange [5].
Hence, the possible similarity and the difference be-
tween the random-singlet state studied earlier in the 1D
spin chain and the one proposed more recently for frus-
trated magnets in 2D and 3D remain open. Indeed, the
application of the strong-disorder RG to the 2D system
did not yield the random-singlet-like fixed point, nor any
QSL-like fixed point, but only the spin-glass (SG)-like
fixed point [59]. Hence, the true relation between the
random-singlet state in 1D and the random-singlet state
proposed in 2D frustrated magnets (either geometrically
frustrated or frustrated via the competition between in-
teractions) remains most interesting, though both are
randomness-induced gapless nonmagnetic states.
Main features of the random-singlet state in 2D and
3D as numerically identified in Refs.[45–49] are as fol-
lows: 1) It is a gapless nonmagnetic state consisting of
hierarchically-arranged spin singlets without any charac-
teristic energy-scale other than the interaction energy-
scale J . 2) The low-T specific heat is proportional to the
temperature T , apparently due to the nonzero density of
low-lying excited states in the low-energy limit ρ(E →
0) > 0. 3) The susceptibility exhibits a gapless behavior
often with a divergent Curie-like tail at lower temper-
atures, apparently borne by spin-1/2-carrying “orphan
spins”, which are expected to arise reflecting the non-
trivial nature of the dimer-covering on the 2D random
lattice. 4) The dynamical spin structure factor S(q, ω)
exhibits broad features both in q and in ω, without any
gap nor distinct peak structure. All these features are
observed more or less in common in all the 2D and 3D
models studied in Refs.[45–50], and seem to be a uni-
versal character of the randomness-induced QSL state.
The state might be described as an “Anderson-localized
resonating-valence bond (RVB) state”. Or, if one con-
siders the fact that the singlet-dimer localization here is
essentially a many-body effect, one might better say a
“many-body localized RVB state”. Anyway, the global
resonance in the RVB state is changed into the local res-
onance in the random-singlet state.
It should also be noticed that the random-singlet
state in Refs.[45–50] was best described for the case
of strong randomness, simply because the properties of
the randomness-induced QSL state, the random-singlet
state, tend to be most eminent in the strong random case,
clearly manifesting themselves even in smaller systems
accessible by the ED method employed in Refs.[45–50].
How the random-singlet state extends to weaker random-
ness, and how it looks like there, remains an interesting
question.
More recently, other groups also studied the effect of
randomness (disorder) on the possible QSL behavior in
certain 2D quantum spin models [60–63]. For exam-
ple, Wu, Gong and Sheng performed a density-matrix
renormalization-group (DMRG) analysis of the s = 1/2
J1-J2 Heisenberg AF on the triangular lattice, extend-
ing the earlier ED calculation of Ref.[45, 47] to include
the NNN interaction J2, and to slightly larger lattices of
N ≤ 48 (N ≤ 30 in the ED calculation of Refs.[45, 47]),
and confirmed the appearance of the randomness-induced
spin-liquid-like state, without any indication of the SG
state [62].
The weaker random case, which might be realized, e.g.,
close to the valence-bond-crystal (VBC) order, was an-
alyzed in Refs.[60] and [63]. Liu, Shao, Lin, Guo and
Sandvik performed a quantum Monte Carlo (QMC) anal-
ysis of a special type of s = 1/2 Heisenberg AF on the
3square lattice in which a six-body interaction frustrates
the standard NN AF bilinear interaction. These authors
succeeded in avoiding the notorious negative sign prob-
lem inherent to most of frustrated systems, and could
treat much larger systems than those studied by the ED
and DMRG methods. Although the model was classi-
fied as an unfrustrated model in Ref. [63], it might be
better classified as a frustrated model from a physical
point of view, since the six-body interaction frustrates
the NN bilinear coupling in the sense that the two in-
teractions favor distinct types of orderings, exactly the
same situation occurring in, e.g., the J1 and J2 inter-
actions in the square-lattice model of Ref.[49]. Kimchi,
Nahum and Senthil, and also Liu et al , emphasized the
importance of “the defect carrying the spin-1/2” [60],
or “the spinon” [63] appearing at the nexus of different
VBC-order domains, and regarded it as essential ingre-
dients of the random-singlet order. Although Liu et al
mentioned that such a spinon excitation was neglected in
the ED analysis of Refs.[45–49], it seems to the present
authors that such a “spinon” or a “spin-1/2 carrying de-
fect” might in fact be closely related to the “orphan spin”
discussed as an essential ingredient of the random-singlet
state in Refs.[45–49]. Presumably, the former object best
described in the weak random case might take the form of
the latter in the strong random case, though the precise
correspondence needs further clarification.
In this way, there is now a considerable amount of
both experimental and theoretical developments achieved
in the randomness-induced QSL behavior in 2D and 3D
quantum magnets, yet still many things need to be clari-
fied and understood. Under such circumstances, the pur-
pose of the present paper is to further clarify the nature
of the 2D random-singlet state proposed in Refs.[45–49]
by examining the microscopic character of the ground
state and the low-lying excited states by means of the
exact-diagonalization (ED) method. We study several
2D frustrated spin models sustaining the random-singlet
state, including the triangular, the kagome and the J1-
J2 square lattice models. Comparison is made with the
unfrustrated 1D random Heisenberg chain to get deeper
insights into the random-singlet state in 2D frustrated
magnets by clarifying the similarity to and the difference
from the random-singlet state in 1D.
The subsequent part of the paper is organized as
follows. In §II, we define the model and explain the
numerical method employed. The nature of the 2D
random-singlet ground state examined by means of the
ED method is presented and is compared with that of
the 1D model in §III. The nature of the low-energy ex-
citations is examined in comparison with that of the 1D
model in §IV. Thermodynamic properties such as the spe-
cific heat and the susceptibility of the 2D random-singlet
state at finite temperatures are examined in comparison
with those of the 1D model in §V. Finally, §VI is devoted
to summary and discussion.
II. THE MODEL
The models we study are basically the same models
as studied earlier in Refs.[45–49], i.e., the random-bond
s = 1/2 isotropic Heisenberg model on several frustrated
2D lattices, including the triangular, the kagome and the
J1-J2 square lattices. The Hamiltonian is given by
H = J1
∑
〈i,j〉
jijSi · Sj + J2
∑
〈〈i,j〉〉
jijSi · Sj , (1)
where Si = (S
x
i , S
y
i , S
z
i ) is the s = 1/2 spin operator at
the i-th site on the lattice, the sums 〈i, j〉 and 〈〈i, j〉〉 are
taken over all NN and NNN pairs on the lattice, where
both the NN coupling J1 and the NNN coupling J2 are
assumed to be AF, i.e., J1 > 0 and J2 > 0, and we put
J1 = 1 as an energy unit. Randomness of the model is
represented by the variable jij which is the random vari-
able obeying the bond-independent uniform distribution
between [1 −∆, 1 + ∆] with 0 ≤ ∆ ≤ 1. The parameter
∆ represents the extent of the randomness: ∆ = 0 corre-
sponds to the regular case and ∆ = 1 to the maximally
random case so long as the interaction is restricted to be
AF. The extent of the randomness ∆ is taken to be com-
mon between J1 and J2. In the cases of triangular and
the kagome lattices where geometrical frustration arises
even for the J1-only model, we put J2 = 0, while for the
case of the square lattice, we put a nonzero J2 > 0 to
introduce frustration into the model. Periodic boundary
conditions are applied in both directions.
For comparison, we also study the 1D random-bond
s = 1/2 Heisenberg model described by the same Hamil-
tonian (1). The random-singlet state in 1D has been dis-
cussed in literature mostly for the case of J1-only model
where the frustration is totally absent [53–56]. In order
to highlight the possible difference from and the similar-
ity to this well-studied case, we put in the present paper
J1 > 0 and J2 = 0 in the 1D model, following the earlier
works.
The properties of the ground-state and the excited
state of the model are computed by the ED Lanczos
method (T = 0) and by the Hams-de Raedt method
(T > 0) [64]. The Hams-de Raedt method obtains the
finite-temperature properties by replacing the thermal
average with the average over a few thermally typical
pure states produced via the imaginary time evolution
of initial random vectors. We treat finite-size clusters
with the total number of spins N up to N ≤ 32 both in
the Lanczos and the Hams-de Raedt methods. The total
number of samples are Ns = 100 for N ≤ 24, Ns = 30
for N = 30, and Ns = 10 for N = 32 for all the lattices
studied including the 1D one.
4III. THE NATURE OF THE GROUND STATE
In this section, we examine the microscopic character
of the ground-state wavefunctions of the s = 1/2 random-
bond Heisenberg model on several frustrated 2D lattices,
including the triangular, the kagome and the J1-J2 square
lattices. In the case of the J1-J2 square model, we put
J2 = 0.5 where the random-singlet state is stabilized in
a wide parameter region [49]. The random-singlet state
turned out to be the ground state of the model when
the extent of the randomness ∆ exceeds a critical value
∆c, ∆c being estimated to be ∼ 0.5 (triangular), ∼ 0.4
for (kagome) and ∼ 0.6 (J1-J2 square). In the following,
in order to see the typical behavior of the random-singlet
ground state, we mainly consider the case of the maximal
randomness of ∆ = 1 where the properties of the random-
singlet state is expected to be most eminent even for
small sizes accessible by the present ED method.
The random-singlet state is basically a state consisting
of hierarchically-arranged spin-singlet dimers. An indica-
tor of the ‘strength’ of the singlet might be the ground-
state expectation value 〈Si · Sj〉. For an isolated spin
pair, 〈Si ·Sj〉 = −3/4 for the singlet state with S = 0 (S
the total spin), while 〈Si · Sj〉 = 1/4 for the triplet state
with S = 1, and 〈Si ·Sj〉 generally takes a value between
[−3/4, 1/4].
In Fig.1, we show the distribution of 〈Si · Sj〉 for all
NN bonds on the lattice and for all Ns samples stud-
ied, for the case of the triangular, the kagome, the J1-J2
square lattices. For the the J1-J2 (J2 = 0.5) square lat-
tice, the 〈Si · Sj〉 distribution on the NNN bonds is also
given. For comparison, the corresponding distribution
of the 1D chain is given. The distribution in the 2D
cases looks more or less similar to each other, whereas
the distribution in the 1D case exhibits a relatively large
weight on the smaller 〈Si · Sj〉-value, probably because
the present 1D model has no frustration.
The optimal singlet-dimer configuration is achieved to
minimize the total energy for a given random distribu-
tion of the exchange couplings {Jij}. Roughly speak-
ing, strong singlets would be formed on strong Jij -bonds,
while weak singlets on weak Jij-bonds. However, such a
dimer-covering problem on the random lattice is highly
nontrivial even for the NN model.
Thus, in Fig.2, we plot 〈Si ·Sj〉 versus Jij for all bonds
and for all samples, for the case of (a) the triangular,
(b) the kagome and (c) the J1-J2 (J2 = 0.5) square lat-
tices. Clearly, there is a correlation between the Jij -value
and the 〈Si ·Sj〉-value, i.e., a tendency of strong singlets
formed on strong bonds and weak singlets on weak bonds.
Nevertheless, there is a considerable deviation from such
a tendency, especially in the physically interesting region
of larger Jij . More quantitatively, the correlation coeffi-
cient is estimated in the stronger Jij-regime of Jij ≥ 1 to
be 0.5 for (a), 0.4 for (b), and 0.2 for (c). This demon-
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FIG. 1. (Color online) (a) The distribution of the ground-
state expectation value 〈Si · Sj〉 of all NN bonds on the tri-
angular, the kagome, the J1-J2 (J2 = 0.5) square, and the
1D lattices. In case of the J1-J2 square lattice, the plots
are given also for the NNN bonds on which the interaction
J2 = 0.5 works. (b) The distribution of the ground-state ex-
pectation value 〈Si · Sj〉 for arbitrary < ij > pairs in the
case of the triangular lattice, obtained after the singlet-dimer
formation procedure explained in the text, each for isolated
singlet-dimers, singlet-dimers clusters, and orphan spins, in
comparison with the original distribution. For orphan spins,
the distribution is shown only for the minimum 〈Si · Sj〉 for
given orphan spin. In both (a) and (b), the lattice size is
N = 24.
strates the nontrivial nature of the singlet-dimer forma-
tion in the random-singlet state.
In order to get more detailed microscopic information
on each sample, we try to construct from the numerically
determined exact ground state for a given Jij distribu-
tion a singlet-dimer configuration according to the fol-
lowing procedure. Let eij be the value of 〈Si · Sj〉 for an
arbitrary spin pair (ij). First, all possible bonds (spin
pairs) (ij) including all distant-neighbor bonds satisfy-
ing the threshold condition eij < ec, are ordered accord-
ing to their eij -values from smaller ones (negative values
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FIG. 2. (Color online) The ground-state expectation value
〈Si ·Sj〉 plotted versus Jij for all NN bonds on (a) the trian-
gular, (b) the kagome, and (c) the J1-J2 (J2 = 0.5) square lat-
tices of the sizes N = 30 (triangular and kagome) and N = 32
(J1-J2 square). In case of the J1-J2 square lattice, the plots
are given also for the NNN bonds at which the interaction J2
works.
with their absolute values large) to larger ones, where ec
is a threshold value. According to this order, we suc-
cessively regard the bonds as forming “singlet-dimers”,
with imposing a constraint that a site i which has been
involved in already assigned singlet-dimers can no longer
be allowed to be included in a new singlet-dimer, i.e.,
any site cannot be involved simultaneously in more than
one singlet-dimers. The picture behind such a singlet-
dimer formation procedure is that, under the random-
Jij environment, a given site tends to form a more or
less tightly-bound singlet-dimer with a particular other
site, i.e., the random-singlet picture of the 1D model
[56]. In the following calculation, we take the thresh-
old value ec = −0.25. The reason behind this choice is
that, for the two spins with eij ≥ −0.25, their “entan-
glement of formation” (or “concurrence”) vanishes in the
present SU(2) limit, meaning the two spins are disentan-
gled [65–68].
Meanwhile, reflecting the intrinsic frustration effect as-
sociated with the dimer-covering problem on the random
lattice, there could occur a “resonance” among distinct
dimer-coverings. In such a case, a particular site i might
simultaneously be involved into two different bonds (ij)
and (ik) with nearly common values of eij and eik via
such a resonance process. Such a local resonance of
singlet-dimers tends to lead to a “singlet-dimers cluster”
consisting of more-than-two spins. In order to take ac-
count of such a “resonance” effect, we introduce a modi-
fication of the above rule as follows.
When the sites i and j form a new singlet-dimer with
a certain eij < ec value according to the above rule, we
examine the e-values associated with the bond between
the site i (or j) and an other site k(6= i, j) not yet in-
volved in any pre-formed singlet-dimer. If this eik (or
ejk)-value happens to be close to the eij-value, satisfying
the condition eik−eij < δ (or ejk′ −eij < δ), the (ik) (or
(jk′)) bond is regarded as a singlet-dimer, which leads to
the formation of a more-than-2-spin cluster. This proce-
dure is repeated for the newly added site k (or k′). The
threshold value δ is somewhat arbitrary, but we take it
δ = 1/32 in the following procedure.
Such a clustering process can further be generalized as
follows. Suppose that, during the clustering procedure,
we have a m-spin cluster with its maximum (absolute-
value minimum) eij-value (i, j ∈ the m-spin cluster)
emax. Let ic be an arbitrary site belonging to this m-
spin cluster, and k a site which is either an arbitrary site
belonging to this cluster (k 6= ic) or an unpaired site out-
side the m-spin cluster. We examine for all (ick) bonds
whether the condition eik − emax < δ is satisfied or not,
and if it is satisfied, we regard the (ick) bond as a new
singlet-dimer and include it into the m-spin cluster. As
long as any new singlet-dimer is added to the cluster,
we repeat the process with a new emax. When there is
no new singlet-dimer added to the cluster, the clustering
process on this m-spin cluster is finished, and we return
to the list of ordered {eij} at the maximum eij-bond left
thus far, and continue the singlet-dimer formation pro-
cedure until our list of {eij(< ec)} is exhausted.
When this procedure is complete, some fraction of sites
are still left unpaired with any other site, not involved in
any singlet-dimer. We call these “left-over” spins failing
to form singlet-dimers “orphan spins”. Since we have
taken ec = −0.25, “orphan spins” by this definition are
disentangled with all other spins.
In Fig.1(b), we show the distribution of eij for arbi-
trary < ij > pairs obtained after the above-mentioned
singlet-dimer formation procedure in the case of the tri-
6angular model, each for isolated singlet-dimers, singlet-
dimers clusters, and orphan spins, together with the orig-
inal eij -distribution. For orphan spins, the distribution
of the minimum eij for any given orphan spin is shown.
As can be seen from Fig.1(b), the distribution at smaller
eij is dominated by isolated singlet-dimers. For some-
what larger eij , resonating singlet-dimers clusters begin
to have some weights, while orphan spins have apprecia-
ble weights only for still larger eij .
As an example, we show in Fig.3 typical singlet-
dimer configurations obtained in the way explained above
for exact ground states of (a) the triangular, (b) the
kagome and (c) the J1-J2 (J2 = 0.5) square lattices,
for their typical singlet (S = 0) ground states. Red el-
lipses in these figures represent isolated singlet-dimers,
its brightness representing the associated eij-value, i.e.,
the 〈Si · Sj〉-value. Most of these red singlet-dimers are
formed between NN spins, but some are between further-
neighbor spins. Blue (green) clusters consisting of more
than one singlet-dimers represent the resonating singlet-
dimers cluster described above, a quantum-mechanical
superposition of more than one singlet-dimers (and or-
phan spin) configurations. Arrows in the figure represent
orphan spins explained above. Thus, all sites (spins) on
the lattice should belong to either (i) isolated singlet-
dimers, (ii) resonating singlet-dimers clusters, or (iii) or-
phan spins.
In the range of sizes studied, the random-singlet
ground states of the 2D random Heisenberg model are
mostly singlets (S = 0) and some fraction of triplets
(S = 1), with a very small fraction of quintets (S = 2)
also observed in the kagome and the triangular cases.
While the singlet-dimer configurations shown in Fig.3 are
the ones of the singlet ground states, we find no appre-
ciable difference between the singlet-dimer configurations
of the singlet and of the triplet (and even the quintet)
ground states.
In Fig.4, similar singlet-dimer configurations are shown
also for typical triplet (S = 1) ground states in each case
of (a) the triangular, (b) the kagome and (c) the J1-J2
(J2 = 0.5) square lattices. In the figures, we also in-
clude the spatial spin-density 〈Sz〉-distribution of the cor-
responding Sz = 1 sample. Note that, since our model is
a zero-field model with the time-reversal symmetry, any
state with Sz = 0, including all singlet states shown in
Fig.3, gives a trivial distribution with Siz = 0 for all i.
By contrast, triplet states with Sz = ±1 yield nontriv-
ial 〈Sz〉-distribution as shown in Fig.4. Bias toward the
positive 〈Sz〉-value in Fig.4 is simply due to our choice of
the Sz = 1 ground state: Opposite negative bias appears
if one takes the Sz = −1 ground state.
Some information about the ground state can be ob-
tained from the local 〈Sz〉-distribution shown in Fig.4 for
the triplet (S = 1, Sz = 1) sample. The 〈Sz〉-value tends
to be large for orphan spins and small for isolated singlet-
dimer forming spins, though there are some exceptions to
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FIG. 3. (Color online) Typical singlet-dimer configurations of
the singlet (S = 0) ground state of (a) the triangular, (b) the
kagome, and (c) the J1-J2 (J2 = 0.5) square lattices of the size
N = 30 (triangular and kagome) and N = 32 (J1-J2 square).
Ellipses and arrows represent singlet-dimers and orphan spins,
respectively. Gray bonds represent the interaction Jij , whose
thickness represents its strength.
this tendency. When appreciable spin density appears at
an isolated singlet-dimer, the associated eij-value tends
to be not so small, and the induced local spins on the
two sites belonging to this dimer tend to point opposite
exhibiting an AF correlation. For the singlet-dimer with
its eij-value very small (or |eij |-value very large), by con-
trast, nearly-vanishing spin density is generated.
In Fig.5, we show the ratio of each type of configura-
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FIG. 4. (Color online) Typical singlet-dimer configurations of
the triplet (S = Sz = 1) ground state of (a) the triangular,
(b) the kagome, and (c) the J1-J2 (J2 = 0.5) square lattices of
the sizes N = 30 (triangular and kagome) and N = 32 (J1-J2
square). Ellipses and arrows represent singlet-dimers and or-
phan spins, respectively, while yellow (blue) circles represent
the local spin density 〈Sz〉 of up (down) spin, its size repre-
senting the magnitude. Gray bonds represent the interaction
Jij , whose thickness represents its strength.
tions (i)-(iii) above, i.e., (i) isolated singlet-dimers, (ii)
resonating singlet-dimers clusters, and (iii) orphan spins,
averaged over all Ns samples including both singlet and
triplet ground states, for the cases of the triangular, the
kagome and the J1-J2 (J2 = 0.5) square lattices. The cor-
responding result for the 1D NN chain is also given. The
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FIG. 5. (Color online) The ratio of each singlet-dimer con-
figurations, i.e., isolated singlet-dimers, resonating singlet-
dimers clusters and orphan spins, for each of the triangular,
the kagome, the J1-J2 (J2 = 0.5) square, and the 1D lattices
of the sizes N = 18 (triangular and kagome) or 16 (J1-J2
square and 1D), 24, and 30 (triangular and kagome) or 32
(J1-J2 square and 1D).
system-size dependence is shown by comparing the data
for N = 16 (or 18), 24, and 30 (or 32). As can clearly
be seen from the figure, the size dependence seems to be
rather minor. Furthermore, the ratio pattern looks more
or less similar among different 2D lattices. The random-
singlet state in 2D consists primarily of isolated singlet-
dimers, with some fraction of resonating singlet-dimers
clusters and of orphan spins, each of 10% and 5% or-
der. More precisely, fractions of isolated singlet-dimers,
resonating singlet-dimers clusters and orphan spins are
(79%, 14%, 6%), (84%, 9%, 7%), and (89%, 9%, 3%) for
the triangular, the kagome and the J1-J2 square lattices,
respectively, for the largest size studied, i.e., N = 30 for
the triangular and the kagome lattices and N = 32 for
the J1-J2 square lattice.
In 1D, by contrast, the fractions of resonating singlet-
dimers clusters and of orphan spins are reduced some-
what while the fraction of isolated singlet-dimers are en-
hanced, the corresponding fractions being (92%, 5%, 3%)
for N = 32. While the isolated singlet-dimers in 2D
are formed mostly between the NN sites, with the ex-
ception of the NNN sites of the J1-J2 square lattice at
which the interaction works directly, the rate of further-
neighbor isolated singlet-dimers is relatively increased in
1D, around 9%, significantly greater than the correspond-
ing rate of the 2D lattices of order 1% or even less. Hence,
there exists some appreciable difference between the ap-
pearance patterns of the singlet-dimer configurations in
2D and in 1D.
On the basis of the information we have obtained, the
nature of the random-singlet state in 2D can be cap-
tured as follows. The state primarily consists of nearly
8isolated singlet-dimers, which are more or less fixed to
the bond not resonating with each other. These isolated
singlet-dimers are primarily formed between the inter-
action bonds, i.e., the NN bonds in the triangular and
the kagome lattices while the NN and NNN bonds in the
J1-J2 square lattice. Yet, most interesting features of
the 2D random-singlet state are the appearance of other
types of minor elements, i.e., a fair amount of resonating
singlet-dimers clusters and of orphan spins , each exist-
ing with about ∼10% and ∼5% appearance probability.
These objects might well be originated from the high
frustration effect inherent to the dimer-covering problem
on the random 2D lattice. Near energetic degeneracy be-
tween more than one distinct dimer-coverings would give
rise to resonating singlet-dimers clusters in the quantum
model, while the same frustration effect would give rise
to orphan spins failed to form well-defined singlet-dimers
with neighboring spins.
IV. THE NATURE OF LOW-ENERGY
EXCITATIONS
In this section, we study the nature of low-energy exci-
tations in the random-singlet state. For this purpose, we
investigate the singlet-dimer configurations of the ground
state and of the first excited state of the same sample,
and compare them to extract information about the low-
energy excitations. As mentioned, the ground state of the
model can be either a singlet with S = 0 or a triplet with
S = 1 in the range of sizes studied, with a rare exception
of a quintet with S = 2. The same is true for the first
excited state: It can be either a singlet or a triplet, with a
rare exception of a quintet. Then, the lowest-energy ex-
citation can be either singlet-to-singlet, singlet-to-triplet,
triplet-to-singlet and triplet-to-triplet excitations. We
then examine the character of typical low-energy exci-
tations for each category, to find no clear appreciable
distinction in the associated singlet-dimer configurations
among them.
Then, three distinct types of low-energy excitations,
labeled as (A), (B) and (C) here, are identified, i.e., (A)
breaking of an isolated singlet-dimer into two orphan
spins (and its reverse process), (B) diffusion of orphan
spins accompanied by the recombination of nearby iso-
lated singlet-dimers, and (C) creation (or annihilation)
of singlet-dimers clusters from (or into) isolated singlet-
dimers (and orphan spin). As a variant of (B), we also
observe (B’) recombination of nearby isolated singlet-
dimers not involving orphan spins, which, however, turns
out to be a fairly rare process. Typical examples of
these low-energy excitations (A)-(C) are illustrated for
the kagome lattice in Figs.6(a)-(c). Of course, the real
excited state could be, or generally is a combination of
these (A)-(C). For example, the combination of (A) and
(B) leads to the type of excitation where a singlet-dimer
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FIG. 6. (Color online) Typical singlet-dimer configurations
of the ground state (left column) and the 1st excited state (the
right column) of certain kagome samples of the size N = 30.
Ellipses and arrows represent singlet-dimers and orphan spins,
respectively. Gray bonds represent the interaction Jij , whose
thickness represents its strength. Each low-energy excitation
corresponds to (a) breaking of an isolated singlet-dimer into
two orphan spins (singlet-to-triplet excitation), (b) diffusion
of orphan spins accompanied by the recombination of nearby
isolated singlet-dimers, and (c) creation of a cluster of res-
onating singlet-dimers from isolated singlet-dimers and or-
phan spin.
is gone producing two orphan spins, while orphan spin
is not located at its birth-point belonging to the original
singlet-dimer, but moves to the neighboring site accom-
panied by the recombination of singlet-dimers. In fact, in
2D, such a combination type (A)+(B) can be seen quite
frequently, while the pure type (A) as shown in Fig.6(a)
turns out to be rather rare.
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FIG. 7. (Color online) Typical singlet-dimer configurations
of the ground state (left column) and of the 1st excited state
(right column) of certain samples of the 1D NN model of the
size N = 32. Ellipses and arrows represent singlet-dimers
and orphan spins, respectively. Gray bonds represent the in-
teraction Jij , whose thickness represents its strength. Each
low-energy excitation corresponds to (a) excitation not ac-
companying an appreciable change in the singlet-dimer con-
figuration, and (b) splitting of an isolated singlet-dimer be-
tween further-neighbor sites into an orphan spin pair (singlet-
to-triplet excitation). .
The type (A) excitation may also be regarded as a lo-
cal singlet-to-triplet (or triplet-to-singlet) excitation. In
fact, we observe that when an isolated singlet-dimer is
excited into two orphan spin pair as shown in Fig.6(a),
the spin correlation between the two orphan spins tends
to be ferromagnetic, eij > 0, suggesting the occurrence
of the triplet-like state. The type (B) excitations is asso-
ciated with the diffusive motion of orphan spins. In other
words, orphan spins are not entirely localized objects but
can “move” locally, mimicking a “spinon” motion often
discussed in the QSL literature. The type (C) excitations
are associated with the local resonance of several singlet-
dimers. In other words, singlet-dimers are not completely
frozen objects, but occasionally exhibit local resonances
forming singlet-dimers clusters.
We also investigate the low-energy excitations of the
corresponding 1D NN model. In fact, we find in 1D that
the low-energy excitations exhibit less variety than in
2D studied above. In 1D, the dominant low-energy ex-
citations are of the type different from the ones realized
in 2D, i.e., the type (D), an excitation accompanying
no appreciable change in their singlet-dimer configura-
tions from the ground-state. An example is shown in
Fig.7(a). Such low-energy excitations are virtually ab-
sent in 2D, a few exceptional realizations being observed
only for the kagome lattice but no others. Some frac-
tion of low-energy excitations in 1D turn out to be of the
type (A), i.e., an isolated signet-dimer splitting into the
orphan spin pair (singlet-to-triplet excitation). Unlike
the 1D case, such an orphan spin pair excitation tends to
be formed primarily on further-neighbor singlet-dimers
which exist with a relatively high rate in 1D. An exam-
ple is shown in Fig.7(b). In fact, the type (D) excitation
is actually quite close to the type (A), i.e., it is a virtually
singlet-to-triplet excitation. In an example Fig.7(a), two
distant-neighbor spins, which are just short of forming
a singlet-dimer because of the associated AF eij -value,
eij = −0.24, being slightly larger than the threshold-
value, ec = −0.25, and are counted as two orphan spins,
are excited to triplet-forming spin pair with a ferromag-
netic correlation of eij = 0.08. Anyway, a notable feature
of the low-energy excitations in 1D is that there is virtu-
ally no type (B) nor (C) excitation.
Thus, there exist major difference between the
random-singlet state in 2D and in 1D concerning their
low-energy excitations, rather than concerning their
ground states themselves. In the random-singlet state
in 1D, the singlet-dimer configurations including the
orphan-spin distribution are more or less ‘frozen’ to its
{Jij} pattern in the sense that even in the low-lying ex-
cited states the singlet-dimer configuration remain basi-
cally unchanged, or limited to singlet-to-triplet excita-
tions of distant-neighbor singlet-dimers. The random-
singlet state in 2D is more ‘dynamical’ in the sense that
the orphan-spin diffusion and the local resonance or clus-
tering of distinct singlet-dimers occur. In this way, the
2D random-singlet state is a more ‘liquid-like’ state than
in 1D.
The origin of the T -linear specific heat generically ob-
served in the 2D random-singlet state (see also the next
section) has been ascribed to the nonzero weight of the
density of states of low-energy excitations, ρ(E → 0) > 0
[49]. According to the phenomenological argument of
Ref.[69], these low-energy excitations in the random sys-
tem are associated with the local cluster-type excita-
tions (two-level system) arising from their random en-
vironments. Our present analysis suggests that the local
excitations with a near-constant density of states postu-
lated in such a phenomenological picture are actually of
the types (A)-(C), i.e., an isolated singlet-dimer break-
ing into two orphan spins (and its reverse process), dif-
fusion of orphan spins accompanied with the recombina-
tion of nearby isolated singlet-dimers, creation (or anni-
hilation) of singlet-dimers clusters from (or into) isolated
singlet-dimers (and orphan spin). These excitations are
expected to bear the T -linear low-T specific heat. In 1D,
by contrast, the earlier theoretical analysis suggested a
different asymptotic form for the low-T specific heat, i.e.,
∼ 1/| logT |3 [55].
V. FINITE-TEMPERATURE PROPERTIES
In this section, we study thermodynamic properties of
the model at finite temperatures, more specifically, the
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FIG. 8. (Color online) The temperature dependence of the
specific heat of the random model ∆ = 1 in zero and weak
fields for (a) the triangular, (b) the kagome, (c) the J1-J2
(J2 = 0.5) square, and (d) the 1D lattices, shown with the
one of the regular model ∆ = 0. Insets represent the wider
temperature range T ≤ 20, while the lower inset in (d) the
lower-T range. The dashed lines are the high-T expansion
results. The system size is N = 18 (2D) and N = 32 (1D).
specific heat and the susceptibility. In 2D, these quan-
tities were already studied for each respective model in
Refs.[45, 46, 49] at low temperatures of, say, T . 0.2.
Here, we re-examine these quantities in a wider temper-
ature range of T . 2, comparatively among various 2D
models, and also with the one of the J1-model in 1D.
In Fig.8, we show the temperature dependence of the
specific heat per spin (measured in units of kB) in the
temperature range of T ≤ 2 of the regular model of ∆ = 0
and of the maximally random model of ∆ = 1, for the
cases of (a) the triangular, (b) the kagome, (c) the J1-
J2 (J2 = 0.5) square, and (d) the 1D lattices. Double-
logarithmic plots in the wider temperature regime of T ≤
20 are given in the insets. The lattice sizes are N = 18 in
2D (the system-size dependence was studied in Refs.[45,
46, 49] in 2D), and N = 32 in 1D. In the random-singlet
state in 2D, the specific heat exhibits a T -linear behavior
as already identified in earlier works, as can be seen from
Figs.8(a)-(c). The data for certain intermediate values of
∆ have been given in Refs.[45, 46, 48, 49].
In 2D models, we also compute the specific heat under
weak fields of H ≤ 0.2, where the field intensity H is
measured in units of J1. (The magnetic field contributes
to the Hamiltonian (1) via the Zeeman term −H
∑
i S
z
i
where we have taken the gµB = 1 unit.) As can be seen
from Figs.8(a)-(c), the low-T specific heat is insensitive
to applied weak fields, although a weak field dependence
is discernible in the low-T region of the kagome case. The
observed field insensitivity is consistent with the property
observed in Ref.[45] for the triangular model. Such a field
insensitivity of the low-T specific heat, especially of the
T -linear part, also agrees with the experimental obser-
vation on triangular organic salts κ-(ET)2Cu2(CN)3 [11]
and EtMe3Sb[Pd(dmit)2]2 [22]. For the square-lattice
magnet Sr2Cu(Te1−xWx)O6, it was also reported that
the T -linear part of the low-T specific heat was insensi-
tive to the applied field [40]. For the kagome herbert-
smithite, the low-T specific heat seems to exhibit a weak
field dependence even in low fields [30], though one should
notice that the situation in herbersmithite is further com-
plicated due to the contribution from the Cu2+ spins ran-
domly substituting Zn2+ on the sparse triangular layer
between the kagome layers.
A slightly different behavior is observed for the 1D NN
chain, for which the earlier theoretical analysis predicted
the 1/| logT |3 behavior [55]. As can be seen from the in-
set of Fig.8(d), a linear extrapolation of the low-T data
(0.02 ≤ T ≤ 0.04) yields a nonzero tangent in the T → 0
limit, suggesting the existence of an appreciable positive
curvature in the lower temperatures range, which is con-
sistent with the expected logarithmic behavior [55].
At higher temperatures, the behavior of the specific
heat of the random models is qualitatively the same be-
tween in 2D and in 1D. They all exhibit a single rounded
peak at a temperature of order J (a bit low than that)
reflecting the absence of any characteristic energy scale
other than the interaction energy J in the excitation-
energy spectrum of the state. At still higher tempera-
tures of T & 2, the specific heat of both the regular and
the random models decays as 1/T 2 with different coeffi-
cients. The behavior at higher temperatures can be well
understood from the lowest-order high-T expansion re-
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FIG. 9. (Color online) The temperature dependence of the
susceptibility of the random model ∆ = 1 for (a) the tri-
angular, (b) the kagome, (c) the J1-J2 (J2 = 0.5) square,
and (d) the 1D lattices, shown with the one of the regular
model ∆ = 0. Insets are double-logarithmic plots in a wider
temperature range T ≤ 100. The dashed lines are the high-
T expansion results. The system size is N = 18 (2D) and
N = 32 (1D).
sults shown in the insets of Figs.8(a)-(d) by dashed lines
both for the random (upper line) and regular (lower line)
models.
In Fig.9, we show the temperature dependence of the
uniform susceptibility per spin of the regular model of
∆ = 0 and of the maximally random model of ∆ = 1, for
the cases of (a) the triangular, (b) the kagome, (c) the J1-
J2 (J2 = 0.5) square, and (d) the 1D lattices in the same
temperature range of T ≤ 2 as the specific heat. (Note
that we have taken the gµB = 1 unit here.) Double-
logarithmic plots in the wider temperature regime of T ≤
100 are given in the insets. The system size is N = 18 in
2D, and N = 32 in 1D. The data for certain intermediate
values of ∆ have been given in Refs.[45, 46, 48, 49].
For the susceptibility, no appreciable difference is ob-
served between in 2D and in 1D even in the low-T regime
where all the models turn out to exhibit a Curie-like tail.
Indeed, for 1D, the earlier theoretical analysis predicted
the behavior χ ∼ 1/(T | logT |2) [55, 56], which, however,
is practically indistinguishable from the standard Curie
law for small systems as studied here. As can clearly
be seen from the figure, the susceptibility tends to take
a nearly temperature-independent value of ∼ 0.1 in the
intermediate temperature range of 0.2 . T . 2, while
it exhibits a 1/T behavior corresponding to the stan-
dard Curie law at higher-temperature of T & 2. These
Curie-law behavior at higher temperatures can be well
understood from the lowest-order high-T expansion re-
sults shown in the insets of Figs.9(a)-(d) by dashed lines
which are identical in the random and the regular cases.
Meanwhile, at lower temperature range of T . 0.2, it
exhibits another Curie-like law as noted above, probably
arising from the orphan spins. In fact, since orphan spins
are not quite free spins, it is not entirely clear whether
this Curie-like tail at low temperatures extends down to
T → 0, and if it is to really diverge at T → 0, whether
the associated exponent is just unity or not, especially
in the 2D case for which the meaningful RG analysis of
the random-singlet state is absent at present. It is diffi-
cult to clarify this issue from the ED calculation, and we
need more powerful numerical approach to probe larger
lattices and lower temperatures.
In contrast to the specific heat, the susceptibilities of
the regular and the random models coincide in the tem-
perature range T & 0.2. In the high-T Curie-law regime
of T & 2, such coincidence is just as expected from
the high-temperature expansion, whereas, in the near-
constant χ regime of 0.2 . T . 2, the coincidence seems
highly nontrivial. One may think that the randomness
is irrelevant in this intermediate temperature range, but
the specific heats exhibit entirely different behavior be-
tween in the regular and the random models in exactly
the same temperature range.
VI. SUMMARY AND DISCUSSION
Summary of the present results
The nature of the randomness-induced quantum spin
liquid state, the random-singlet state, is investigated
in two dimensions (2D) by means of the ED and the
Hams-de Raedt methods. We study several random-
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bond s = 1/2 frustrated Heisenberg models sustaining
the random-singlet state, including the triangular, the
kagome and the J1-J2 square lattice models. The prop-
erties of the ground state, the low-energy excitations and
the finite-temperature thermodynamic properties are in-
vestigated. Comparison is made with the random-bond
s = 1/2 unfrusrated Heisenberg model in 1D, with the
hope to get deeper insight into the random-singlet state
in 2D by clarifying the similarity to and the difference
from the random-singlet state in 1D. We also extend
our previous calculations of the thermodynamic proper-
ties such as the specific heat and the susceptibility at
finite temperatures to the wider temperature range, and
make comparison among different 2D models and the 1D
model. By so doing, we wish to establish the qualita-
tive picture of the random-singlet state of 2D frustrated
magnets.
It turns out that the ground state and the low-lying
excited states in 2D consists of nearly isolated singlet-
dimers, clusters of resonating singlet-dimers, and or-
phan spins. Low-energy excitations are either split-
ting of isolated singlet-dimers into orphan spins (singlet-
to-triplet excitations) and its inverse process, diffusion
of orphan spins accompanied by the recombination of
nearby singlet-dimers, creation or destruction of resonat-
ing singlet-dimers clusters. The latter two excitations
give enhanced dynamical ‘liquid-like’ features to the 2D
random-singlet state. We emphasize that in causing
such enhanced dynamical features of the 2D random sin-
glet state, frustration in a wider sense, i.e. the one
including the competition of distinct types of interac-
tions, plays a vital role. Especially, the frustration ef-
fect associated with the dimer-covering problem on the
2D random lattice combined with strong quantum fluc-
tuations would give rise to the enhanced dynamical fea-
tures in the 2D random-singlet state. In this sense, the
2D random-singlet state of our target here should be
called ‘frustrated random-singlet state’. By contrast, the
well-studied random-singlet state in the unfrustrated 1D
chain tends to be more ‘static’ in the sense that most of
its low-energy excitations are limited to singlet-to-triplet
excitations on distant-neighbor sites, not accompanying
the change in the singlet-dimer configuration. In other
words, singlet-dimers and orphan spins tend to be static
in the unfrustrated random-singlet state in 1D, while in
2D they are more dynamical even in the low-energy sector
assigning enhanced dynamical ‘liquid-like’ features to the
2D random-singlet state. In this sense, one may call the
state as an “many-body localized RVB state”. The state
is hierarchically organized from stronger singlet-dimers to
weaker singlet-dimers, and eventually to orphan spins.
Discussion of the present results
It has been known that the random-singlet state in
1D is described by an infinite-randomness fixed point
[56, 58]. An interesting question is then what is the sit-
uation in 2D. Although small lattice sizes of our present
ED calculation prevents to say anything definitive about
the issue, the observations of Refs.[45–49], especially the
dynamical ‘liquid-like’ features observed in the present
study, does not suggest an infinite-randomness fixed
point. The same view was also given by Liu et al on the
basis of their QMC data on the square-lattice Heisenberg
model with the six-body interaction for much larger sys-
tems [63]. The random-singlet state in 2D is likely to
be governed by a finite-randomness fixed point . Techni-
cally, it would mean that the strong-disorder RG, which
is expected to be asymptotically exact at an infinite-
randomness fixed point, would not be so reliable. It may
explain the reason, at least partially, why the strong-
disorder RG failed to identify the random-singlet-like
fixed point in 2D [59].
Qualitative features of the 2D random-singlet state in
the strong random case [45–49] look very much similar
to those of the weak random case of Refs.[60, 61, 63].
So, a natural possibility is be that a randomness-induced
QSL state, the 2D random-singlet state, is governed by a
unique finite-randomness fixed point, which governs the
long-scale physics of both strong and weak random sys-
tems, even though some of the short-scale properties look
very different. Of course, we cannot rule out a possibil-
ity that more than one randomness-induced QSL fixed
points exist in 2D, say, the weak and the strong random-
singlet fixed points. If so, long-scale properties would
differ between the weak and the strong random systems.
At the present stage, however, we do not have any clear
indication of such distinct random-singlet-like states in
2D. In this connection, the square-lattice model analyzed
in Ref.[63], which is a frustrated system in our criterion,
is expected to belong to the same class as the frustrated
systems analyzed here and in Refs.[45–49]. An obvious
advantage of the model treated in Ref.[63] is that it is
amenable to QMC, which enables to treat larger systems.
Indeed, Liu et al estimated the dynamical exponent z ≥ 2
[63], which certainly supports the finite-randomness fixed
point as opposed to the infinite-randomness one where
z =∞ [56, 58].
The dynamical features of the 2D random-singlet state
bring about some interesting consequences. Kimchi et al
[60] and Liu et al [63] suggested that, in the weak random
case, the 2D random-singlet state eventually became un-
stable against the spin-glass order on longer length scales.
If so, the QSL-like behavior could appear only at inter-
mediate length scales. In apparent contrast, many QSL
materials so far identified in 2D and 3D frustrated mag-
nets do not exhibit any SG freezing down to low temper-
atures in spite of their gapless features. The argument of
Refs.[60, 63] was based on the strong-disorder RG result
[70, 71] applied to the spin-1/2 carrying defect spin or
the spinon. The implicit assumption there was the de-
fect spins or the spinons were fixed in space, not changing
their positions. In contrast to this, the orphan spins in
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our present analysis can move, changing their spatial po-
sitions. Such a mobility of the spin-1/2 carrying orphan
spins would eventually destabilize the SG order.
Another interesting consequence of our observation
that orphan spins are mobile, though only in a diffu-
sive manner, could affect the transport properties. Since
orphan spins carry both spin and energy, they could give
rise to nontrivial spin and thermal transports. In the
1D random-singlet state, the DC spin conductivity was
predicted to diverge in the T → 0 limit [72, 73]. In the
2D random-singlet state, the diffusive motion of orphan
spins could give rise to nontrivial magnetic contributions
to the spin and heat transports, e.g., of the variable-
range-hopping type proportional to exp[−(T0/T )
1
D+1 ] =
exp[−(T0/T )
1
3 ] [74]. Meanwhile, in the absence of the
standard itinerant-type spinons in the 2D random-singlet
state, the thermal conduction is expected to be domi-
nated by the phonon contribution. If one assumes that
the phonon is scattered by the orphan spin, and the
phenomenological argument of the two-level system of
Ref.[69] is applicable as in the case of the specific heat,
the low-T thermal conductivity is proportional to T 2,
which seems fully consistent with the recent experimental
measurements on the organic salt EtMe3Sb[Pd(dmit)2]2
reporting ∼ T 2 [75] and ∼ T 1.7 [76] behavior (see also
Ref.[77]).
In the present paper, we have investigated the proper-
ties of the random-singlet state for the case of stronger
randomness of ∆ = 1. This is simply because our numer-
ical method is practically limited to very small systems.
Since the random-singlet features, which are nothing but
the randomness-induced QSL features, are expected to
be most eminent for stronger randomness, being clearly
visible even for smaller systems, the stronger random case
is best suited to our present numerical study. However,
it is also quite possible that the random-singlet-like state
is extended to somewhat weaker randomness, but man-
ifest itself there only on longer length scales (larger sys-
tems) and at lower temperatures (lower energies) not di-
rectly accessible by the present numerical method. On
decreasing the randomness ∆ beyond a certain critical
value ∆c, the random-singlet state generally exhibits a
quantum phase transition into another phase, e.g., the
two-sublattice [49] and the three-sublattice AF phase
[45], the stripe-type AF phase [49], the VBC-type non-
magnetic state [48], or the randomness-irrelevant QSL
state [46]. As mentioned above, in the random-singlet
state in the weaker randomness regime of ∆ ∼ ∆c, the
random-singlet features appear only on longer length
scales (larger systems) and at lower temperatures, while
the features of another phase might dominate the shorter-
length and higher-temperature behavior. Even in such
weaker randomness case, the random-singlet features
manifesting themselves on longer length and time scales
are adiabatic continuations of those for the stronger ran-
domness case so long as the system does not pass any
phase transition point.
Brief survey of the experimental status
Now, we wish to discuss the present experimental sta-
tus from the viewpoint of the randomness-induced QSL
state. Some were already given in Refs.[45–49]. We do
not intend to be exhaustive here, but wish to pick up
some interesting examples related to the randomness-
induced QSL state from both organic and inorganic ma-
terials.
Let us begin with organic materials. As were re-
ferred to in §1, well-studied examples of organic QSL are
κ-(ET)2Cu2(CN)3 [6–12, 14–17], EtMe3Sb[Pd(dmit)2]2
[18–25]. QSL features observed in these salts have widely
been interpreted as an attribute of clean and homogenous
system, e.g., the one borne by fermionic “spinons” with
“spinon Fermi surface”. In contrast, Ref.[45] pointed out
that, since the spin-1/2 in these organic salts spreads over
a molecular dimer whose size is an order of magnitude
bigger than that in standard inorganic magnets, it could
have rich internal degrees of freedom, e.g., the electric-
polarization degrees of freedom, associated with the pos-
sible biased charge distribution within a dimer molecule.
As both κ-(ET)2Cu2(CN)3 and EtMe3Sb[Pd(dmit)2]2
are located close to the ferroelectric charge order where
the charge-ordered cluster formation and the associated
critical slowing-down are to be expected, the QSL state
might be the dipole-glass-like state in its charge sector.
Indeed, the ac dielectric constant measurements on both
κ-ET [14] and dmit [25] salts revealed the occurrence of
the relaxor-like slowing-down in the QSL regime, sug-
gestive of the random freezing of the dielectric degrees
of freedom. Such an inhomogeneous charge (spin) dis-
tribution among molecular dimers would give rise to the
spatially-modulated random exchange coupling {Jij} be-
tween the spin-1/2 on each molecular dimer [45].
In fact, reports of such an inhomogeneous charge and
spin distribution can be found in the literature from an
earlier stage. Kawamoto et al reported the signature of
the inhomogeneous charge distribution in the QSL state
of κ-ET from the 13C NMR and the in-plane conductivity
measurements [7]. Shimizu et al reported from the NMR
measurements on κ-ET that the application of magnetic
fields in the QSL state induced a spatially inhomogeneous
weak magnetic moments [9]. This observation is fully
consistent with our present random-singlet picture, since
the application of fields tends to break weaker singlet-
dimers, which are located randomly in space, and induce
magnetic moments there.
Magnetic fields generally tend to weaken the strong
singlet, break the weak singlet, and polarize the triplet
or nearly-free spins, shifting the energy scale of singlets.
Reflecting the hierarchical nature of the random-singlet
state consisting of the spectrum of singlet-dimers without
characteristic energy scale, from strong singlets to weak
14
singlets and eventually to orphan spins, the application
of modest magnetic fields would keep at low energies such
features of the zero-field spectrum of singlets, except for
producing certain amount of spatially-random magnetic
moments. So, it would appear as if applied fields erased
the high-energy part of singlet-dimers and instead pro-
duced the spatially-random magnetic moments.
Shimizu et al further reported that the nuclear mag-
netization relaxation obeyed the stretched-exponential
form ∼ exp[−(T1/T )
β] at low T , indicative of the in-
homogeneous spin distribution [9]. Nakajima et al sug-
gested from the µSR measurements that the QSL state
of κ-ET is a “microscopically phase separated” state [16].
The proposed state is inhomogeneous on the microscopic
length scale, probably being not far from the inhomoge-
neous state we are discussing here.
For the QSL organic salt EtMe3Sb[Pd(dmit)2]2, the
NMR measurements by Itou et al also reported the
stretched-exponential-type decay of the nuclear magneti-
zation similar to that observed in κ-ET, indicative of the
inhomogeneous spin distribution [20, 23]. More recently,
Yamamoto et al revealed by the IR and Raman spec-
tra measurements that this molecular system shows dy-
namical charge and lattice fluctuations among molecular
dimer, tetramer and octamer configurations due to the
competition among these distinct charge-ordered states,
leading to the inhomogeneous charge distribution [78].
Since the oligomers involved in these fluctuations are big
in size, one may expect that the timescale associated with
these oligomer transformations might involve slow com-
ponents, slower than the typical timescale of spin fluc-
tuations in the QSL state. If so, such slowed-down in-
homogeneous charge and lattice distributions would pro-
vide the spin degrees of freedom the spatially modulated
random exchange coupling {Jij}, exactly the same sit-
uation assumed in the modelling in the present paper
and in Refs.[45, 47]. Furthermore, for sister dmit salts
X [Pd(dmit)2]2 (X =Me4P, Me4Sb) exhibiting the AF
order, Fujiyama and Kato observed by the 13C NMR
measurements the biased distribution of the spin den-
sity occurring even in a Pd(dmit)2 monomer molecule
between the two ligands on both sides of Pd [79].
The randomness-induced QSL scenario naturally ex-
pects that certain non-QSL magnets, say, the standard
AF, could exhibit QSL behavior when randomized artifi-
cially. In inorganic materials, certain mixed-crystal mag-
nets, e.g., Sr2Cu(Te1−xWx)O6 [38–40] referred to in §I,
is such an example where both end members Sr2CuTeO6
and Sr2CuWO6 exhibit the standard AF order while the
mixed crystal Sr2Cu(Te1−xWx)O6 exhibit a gapless QSL
behavior [38–40].
In organic salts, a similar case was reported by Fu-
rukawa et al for κ-(ET)2Cu[H(CN)2]Cl, which exhibits
the standard AF order in the original state, but upon X-
ray irradiation exhibits a gapless QSL behavior with the
T -linear low-T specific heat [80]. Since the X-ray irradi-
ation is expected to introduce quenched randomness into
the sample, transformation of the AF state to the gapless
QSL state upon X-ray irradiation is fully consistent with
the randomness-induced QSL scenario.
In organic salts κ-(ET)2Cu2(CN)3 and
EtMe3Sb[Pd(dmit)2]2, certain amount of extrinsic
(quenched) randomness actually exists, i.e., the random
orientation of either CN or NC between two Cu ions in
case of κ-ET salt, and the random orientation of the
ethyl group on Sb in case of dmit salt. Such quenched
randomness in itself might be too weak to induce the
QSL state, but might serve as a “seed” in the formation
of self-generated charge inhomogeneity mentioned above.
As a sister compound of well-studied κ-
(ET)2Cu2(CN)3, κ-(ET)2Ag2(CN)3 was recently
synthesized by Shimizu et al , which was also found to
exhibit the gapless QSL behavior [81].
In addition to κ-(ET)2Cu2(CN)3 and
EtMe3Sb[Pd(dmit)2]2 consisting of alternating anion-
cation layers, a different type of gapless QSL material
κ-H3(Cat-EDT-TTF)2 was reported [26–28]. While
the spin-1/2 spreads over a big Cat molecule forming
the triangular lattice as in κ-(ET)2Cu2(CN)3 and
EtMe3Sb[Pd(dmit)2]2, neighboring Cat molecules are
coupled via the hydrogen bond, a unique feature of
κ-H3(Cat-EDT-TTF)2. Theoretical calculation suggests
that the effective potential felt by the proton is nearly
flat along the hydrogen bond without clear double
minima usually formed at the hydrogen bond [82], so
that the proton would show large displacement along
the hydrogen bond in its QSL state. While in the
picture of Refs.[26–28] its QSL state was borne by
simultaneous dynamical fluctuations of proton positions
and of pi-electron spins, since the proton is much heavier
than the electron, it seems more likely to the present
authors that the proton movement slows down on
decreasing the temperature, and nearly stop at the
time scale of pi-electron-spin fluctuations at spatially
random positions along the hydrogen bonds due to
the almost flat character of its potential (adiabatic
approximation). Then, these almost stopped protons
attract the spin-1/2 carrying pi-electrons on the Cat
molecules on both sides of the hydrogen bond, spatially
modifying the effective magnetic coupling between
the spin-1/2 on the neighboring Cat molecules at the
time scale of pi-electron-spin fluctuations, exactly the
situation leading to the random-singlet state. Thus,
κ-H3(Cat-EDT-TTF)2 is likely to be an another exam-
ple of the gapless QSL induced by the self-generated
intrinsic randomness or inhomogeneity.
At this point, a comment concerning the nature of
the intrinsic randomness might be worthwhile. Gener-
ally speaking, self-generated intrinsic randomness is ex-
pected to arise when certain other degrees of freedom
in solids, e.g., the charge degrees of freedom, provide a
spatially random effective interaction to the spin degrees
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of freedom. The quenched (or adiabatic) approximation
assumed in the present approach would be a better ap-
proximation when the separation of times scales devel-
ops between the spin and the other degrees of freedom,
i.e., the time scale of the other degrees of freedom τother
gets much longer than that of spin fluctuations τspin,
τother ≫ τspin. In the opposite limit of τother ≪ τspin,
fluctuations of the other degrees of freedom will be av-
eraged out, and their mean (or most probable) values
would suffice in considering the spin state.
Meanwhile, the extent of the time-scale separation is
a case-dependent relative issue. When the two time
scales are not much different τspin ∼ τother, the spin
and the other degrees of freedom would fluctuate simul-
taneously in a cooperative manner, forming the com-
plex. This is also a very interesting situation. In such
a situation, one needs to tackle both the spin and the
other degrees of freedom simultaneously on equal footing,
and our present modelling would become poorer. Even
in that case, however, the adiabatic approach assuming
τspin ≪ τother could still provide some useful informa-
tion about what happens in the limit opposite to the
averaged-out case of τspin ≫ τother, especially under the
condition that the full theoretical analysis properly de-
scribing the τspin ∼ τother situation is much tougher.
As an example of the organic QSL induced
by extrinsic randomness, organic radical compound
Zn(hfac)2(AxB1−x) forming an s = 1/2 honeycomb lat-
tice was reported by Yamaguchi et al [83]. In this com-
pound, the quenched randomness of the intermolecular
exchange interactions arises from the two different regioi-
somers, A and B, that randomly align in the crystal. The
magnetic and thermodynamic experimental results indi-
cate the gapless QSL behavior with the T -linear specific
heat and the gapless low-T susceptibility with a Curie-
like tail. Similar organic radical systems can easily in-
troduce an extrinsic randomness into the spin lattices, so
that the randomness-induced QSL could be realized on
various lattices.
As such, we now have considerable amount of ex-
perimental evidence of the randomness (inhomogeneity)-
induced QSL in organic salts. The underlying random-
ness is either of intrinsic origin self-generated in clean
material via the coupling to other degrees of freedom, or
of extrinsic origin, i.e., the quenched randomness.
Of course, target materials are not necessarily lim-
ited to organic materials, but also include a va-
riety of inorganic materials as introduced in §I.
Those include a kagome antiferromagnet herbert-
smithite ZnCu3(OH)6Cl2 and a pyrochlore antiferromag-
net Lu2Mo2O5N2 with geometrical frustration, as well
as a square-lattice magnet Sr2Cu(Te1−xWx)O6 and a
honeycomb-lattice magnet 6HB-Ba3NiSb2O9 where the
frustration is borne by the competition of the NN and
the NNN interactions.
In addition to these examples, it was reported
that the s = 1/2 triangular-lattice antiferromagnet
Cs2Cu(Br1−xClx)4, which exhibits the standard AF or-
der in the vicinity of x = 0 and x = 1, exhibits a QSL
behavior for an intermediate x-range [84]. Indeed, since
considerable amount of randomness associated with the
random mixing of Cl− and Br− is expected in this ma-
terial, a randomness-induced QSL state is certainly ex-
pected for an intermediate x, consistently with the ex-
periment. A kagome antiferromagnet Zn-brochantite,
ZnCu3(OH)6SO4 containing a significant amount of ran-
domness, was reported to exhibit a gapless QSL behavior
with the T -linear low-T specific heat [85–87], and could
also be an example of the randomness-induced gapless
QSL state.
Another interesting candidate material might be
LiZn2Mo3O8, which was reported to exhibit a gapless
QSL behavior [88–90]. This material consists of a tri-
angular network of Mo3O18 cluster units, and s = 1/2
exists on each molecular unit spreading over three Mo
atoms. In fact, this is an analogous situation to the one
in organic salts discussed above, where s = 1/2 exists
spreading over a big molecular dimer forming the trian-
gular lattice. Thus, one may speculate that, on decreas-
ing the temperature, the motion of the s = 1/2-carrying
electron slows down in a Mo3O18 cluster, leading to the
bias in its location among three Mo atoms in a spatially
random manner, from one molecular unit to the other.
Then, a slowing-down of spatially random local electric
polarization would arise without any macroscopic polar-
ization, which would be detectable via the relaxor-like
response in the ac dielectric constant, as was observed in
organic salts [14, 25]. To the authors’ knowledge, there is
no experimental evidence of such behavior at the present
stage, but it may be interesting to test such a possibility
as a possible route to the observed gapless QSL behavior
in LiZn2Mo3O8.
Similar situation is also expected in another inorganic
QSL candidate, 1T-TaS2 [91–95]. At low temperatures,
this layered material exhibits a commensurate CDW or-
der forming a periodic array of star-of-Dvaid arrange-
ments with 13 Ta atoms as a cluster unit, and the emer-
gent spin 1/2 exists at this cluster unit spreading over
the 13 Ta atoms in the cluster, with large in-plane dis-
placements of 12 surrounding Ta atoms toward the cen-
tral Ta atom in the star-of-David cluster. This is again
an analogous situation to the ones in organic salts and
in LiZn2Mo3O8 discussed above. The gapless QSL be-
havior characterized by the T -linear low-T specific heat
and the almost constant susceptibility followed by an in-
trinsic Curie-like tail at lower temperatures was observed
experimentally [91, 94]. Interestingly, the NQR measure-
ments showed that the NQR spectrum in the QSL state
was fully split, indicating the local deformations of the
12 surrounding Ta atoms [93]. The 1/T1 measurements
revealed the growth of the local-field inhomogeneity, sug-
gesting the occurrence of a highly inhomogeneous mag-
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netic state [93]. All these experimental observations sug-
gest that this inhomogeneous QSL-like state is most likely
the 2D frustrated random-singlet state observed for the
random s = 1/2 AF Heisenberg model on the triangular
lattice [45, 47].
Concerning the origin of the randomness, while the
stacking disorder or the slight off-stoichiometry was sug-
gested [93], we wish to propose here a scenario similar to
the one proposed for organic salts [45], i.e., the motion of
the s = 1/2-carrying electron slows down in each star-of-
David cluster, leading to the bias in its position from the
center in a spatially inhomogeneous manner, from one
cluster to the other. Such a spatial charge inhomogene-
ity would give rise to the spatially random modulation
of the exchange coupling Jij , leading to the 2D random
singlet state due to the self-generated intrinsic random-
ness, as discussed in the present paper and in Refs.[45].
It would also be interesting to perform the ac dielectric
constant measurement in search for the relaxor-like re-
sponse due to the possible inhomogeneous slowing-down
of the s = 1/2-carrying charge or dielectric degrees of
freedom.
Recently, a rare-earth triangular-lattice antiferromag-
net YbMgGaO4 where Yb
3+ bears an effective s = 1/2
was reported to exhibit a gapless QSL-like behavior [96–
105]. The existence of the quenched randomness due
to the inter-layer nonmagnetic Ga3+/Mg2+ mixing was
also indicated experimentally [96, 101]. In contrast to
the QSL magnets discussed in the present paper, which
are more or less isotropic with relatively weak magnetic
anisotropy, the exchange interaction in this material is
highly anisotropic with significant off-diagonal compo-
nents due to the strong spin-orbit coupling [96, 97, 102–
104]. Indeed, while all QSL magnets discussed in the
present paper exhibit the T -linear low-T specific heat
without a sign of the SG freezing, YbMgGaO4 was re-
ported to exhibit the low-T specific heat proportional to
Tα with a fractional power 0.6 . α . 0.74 [96, 98], and a
sign of the spin-glass-like freezing observed in the ac sus-
ceptibility for some samples [106]. Yet, in other measure-
ments, no sign of the spin freezing was observed down to
low temperatures [99, 100, 102, 105]. Thus, the nature of
the QSL of YbMgGaO4 remains controversial. Although
an analogy to the random-singlet state of 2D frustrated
magnets discussed in Refs.[45–49] was not noticed in the
literature on YbMgGaO4 [97–106], certain essential fea-
tures, e.g., the occurrence of the gapless QSL on the frus-
trated triangular lattice [45] with the continuous gapless
spectrum of the dynamical spin structure [47], as well as
the existence and the potential importance of the ran-
domness, are in common. At the same time, an apparent
difference also exists, e.g. the low-T specific heat exhibits
the Tα (0.6 . α . 0.74) behavior in YbMgGaO4 in con-
trast to the T -linear behavior in the 2D random-singlet
state of Refs.[45–49]. Thus, to clarify the true relation-
ship between the QSL-like state observed in anisotropic
YbMgGaO4 and the 2D frustrated random-singlet state
discussed for Heisenberg-like isotropic magnets would be
informative.
In this way, randomness-induced gapless QSL behav-
ior prevail both in inorganic and organic materials. Al-
though the gapless QSL now observed in many organic
and inorganic magnets has been discussed mostly in the
context of “spinons” or “spinon Fermi surface” essen-
tially as an attribute of clean and homogenous system,
the present authors believe that, for many of them, re-
consideration of their QSL properties as the randomness
or the inhomogeneity induced ones would be necessary
and worthwhile. They appear to form a novel class of
randomness-induced magnetic state, where both strong
quantum fluctuations and frustration play a crucial role.
Indeed, cooperation of strong quantum fluctuations, frus-
tration and randomness, sometimes with the help of the
coupling between the spin and other degrees of freedom in
solids, opens a route to a new state of matter. Finally, let
us emphasize again that the randomness or inhomogene-
ity, a fact of life, is not just an unnecessary contamination
nor a dirty extra, but often provides us with rich and in-
teresting new phenomena. The randomness-induced QSL
is most probably such an example.
The authors are thankful to Dr. K. Aoyama, Dr. T.
Shimokawa, Dr. T. Hikihara, Dr. T. Okubo, Dr. A.W.
Sandvik, Dr. H. Yamaguchi, Dr. Y. Shimizu, Dr. R.
Kato and Dr. H. Fukuyama for useful discussion and
comments. This study was supported by JSPS KAK-
ENHI Grants No. 17H06137. Our code was based on
TITPACK Ver.2 coded by H. Nishimori. We are thank-
ful to ISSP, the University of Tokyo, and to YITP, Kyoto
University, for providing us with CPU time.
∗ kawamura@ess.sci.osaka-u.ac.jp
† uematsu@spin.ess.sci.osaka-u.ac.jp
[1] ed. Kawamura H 2010 Novel States of Matter Induced
by Frustration JPSJ Special Topics J. Phys. Soc. Jpn.
79
[2] ed. Lacroix C, Mendels P and Mila F 2011 Introduc-
tion to Frustrated Magnetism: Materials, Experiments,
Theory (Springer)
[3] Balents L 2010 Nature 464 199
[4] Anderson P W 1973 Mat. Res. Bull. 8 153
[5] Ishida K, Morishita Yawata M K and Fukuyama H 1997
Phys. Rev. Lett. 79 3451
[6] Shimizu Y, Miyagawa K, Kanoda K, Maesato M and
Saito G 2003 Phys. Rev. Lett. 91 107001
[7] Kawamoto A, Honma Y and Kumagai K 2004 Phys.
Rev. B 70 060510(R)
[8] Kurosaki Y, Shimizu Y, Miyagawa K, Kanoda K and
Saito G 2005 Phys. Rev. Lett. 95 177001
[9] Shimizu Y, Miyagawa K, Kanoda K, Maesato M and
Saito G 2006 Phys. Rev. B 73 140407
[10] Ohira S, Shimizu Y, Kanoda K and Saito G 2006 J. Low
Temp. Phys. 142 153
17
[11] Yamashita S, Nakazawa Y, Oguri M, Oshima Y, Nojiri
H, Shimizu Y, Miyagawa K and Kanoda K 2008 Nat.
Phys. 4 459
[12] Yamashita M, Nakata N, Kasahara Y, Sasaki T,
Yoneyama N, Kobayashi N, Fujimoto S, Shibauchi T
and Matsuda Y 2009 Nat. Phys. 5 44
[13] Manna R S, de Souza M, Bru¨hl A, Schlueter J A and
Lang M 2010 Phys. Rev. Lett. 104 016403
[14] Abdel-Jawad M, Terasaki I, Sasaki T, Yoneyama N,
Kobayashi N, Uesu Y and Hotta C 2010 Phys. Rev. B
82 125119
[15] Pratt F L, Baker P J, Blundell S J, Lancaster T, Ohira-
Kawamura S, Baines C, Shimizu Y, Kanoda K, Watan-
abe I and G. Saito G 2011 Nature 471 612
[16] Nakajima S, Suzuki T, Ishii T, Ohishi K, Watanabe I,
Goto T, Oosawa A, Yoneyama N, Kobayashi N, Pratt
F L and Sasaki T 2012 J. Phys. Soc. Jpn. 81 063706
[17] Itoh K, Itoh H, Naka M, Saito S, Hosako I, Yoneyama
N, Ishihara S, Sasaki T and Iwai S 2013 Phys. Rev. Lett.
110 106401
[18] Itou T, Oyamada A, Maegawa S, Tamura M and Kato
R, 2008 Phys. Rev. B 77 104413
[19] Tamura M and Kato R 2009 Sci. Technol. Adv. Matter.
10 024304
[20] Itou T, Oyamada A, Maegawa S and Kato R 2010 Na-
ture Phys. 6 673
[21] Yamashita M, Nakata N, Senshu Y, Nagata M, Ya-
mamoto H M, Kato R, Shibauchi T and Matsuda Y
2010 Science 328 1246
[22] Yamashita S, Yamamoto T, Nakazawa Y, Tamura M
and Kato R 2011 Nat. Commun. 2 275
[23] Itou T, Yamashita K, Nishiyama M, Oyamada A, Mae-
gawa S, Kubo K and Kato R, 2011 Phys. Rev. B 84
094405
[24] Watanabe D, Yamashita M, Tonegawa S, Oshima Y, Ya-
mamoto H M, Kato R, Sheikin I, Behnia K, Terashima
T, Uji S, Shibauchi T and Matsuda Y 2012 Nature Com-
mun./ 3 1090
[25] Abdel-Jawad M, Tajima N, Kato R and Terasaki I 2013
Phys. Rev. B 88 075139
[26] Isono T, Kamo H, Ueda A, Takahashi K, Nakao A, Ku-
mai R, Nakao H, Kobayashi K, Murakami Y and Mori
H, 2013 Nat. Commun. 4 1344
[27] Isono T, Kamo H, Ueda A, Takahashi K, Kimata M,
Tajima H, Tsuchiya S, Terashima T, Uji S and Mori H
2014 Phys. Rev. Lett. 112 177201
[28] Ueda A, Yamada S, Isono T, Kamo H, Nakao A, Kumai
R, Nakao H, Murakami Y, Yamamoto K, Nishio Y and
Mori H 2014 J. Am. Chem. Soc. 136 12184
[29] Shores M P, Kytko E A, Bartlett B M and Nocera D G
2005 J. Am. Chem. Soc. 127 13462
[30] Helton J S, Matan K, Shores M P, Nytko E A, Bartlett
B M, Yoshida Y, Takano Y, Suslov A, Qiu Y, Chung J
H, Nocera D G and Lee Y S, 2007 Phys. Rev. Lett. 98
107204
[31] Olariu A, Mendels P, Bert F, Duc F, Trombe J C, de
Vries M A and Harrison A, 2008 Phys. Rev. Lett. 100
087202
[32] de Vries M A, Kamenev K V, Kockelmann W A,
Sanchez-Benitez J and Harrison A, 2008 Phys. Rev.
Lett. 100 157205
[33] Helton J S, Matan K, Nytko E A, Barlett B M, Qiu
Y, Nocera D G and Lee Y S 2010 Phys. Rev. Lett. 104
147201
[34] Freedman D E, Han T H, Prodi A, Mu¨ller P, Huang Q
Z, Chen Y S, Webb S M, Lee Y S, McQueen T M and
Nocera D G 2010 J. Am. Chem. Soc. 132 16185
[35] Mendelse P and Bert F 2010 J. Phys. Soc. Jpn. 79
011001
[36] Han T H, Helton J S, Chu S, Nocera D G, Rodriguez-
Rivera J A, Broholm C and Lee Y S 2012 Nature (Lon-
don) 492 406
[37] Fu M, Imai T, Han T H and Lee Y S 2015 Science 350
655
[38] Mustonen O, Vasala S, Sadrollahi E, Schmidt K P,
Baines C, Walker H C, Terasaki I, Litterst F J, Baggio-
Saitovitch E and Karppinen M 2018 Nature Commun.
9 1085
[39] Mustonen O, Vasala S, Schmidt K P, Sadrollahi E,
Walker H C, Terasaki I, Litterst F J, Baggio-Saitovitch
E and Karppinen M 2018 Phys. Rev. B 98 064411
[40] Watanabe M, Kurita N, Tanaka H, Ueno W, Matsui K
and Goto T 2018 Phys. Rev. B 98 054422
[41] Cheng J G, Li G, Balicas L, Zhou J S, Goodenough J B,
Xu C and Zhou H D 2011 Phys. Rev. Lett. 107 197204
[42] Darie C, Lepoittevin C, Klein H, Kodjikian S, Bordet P,
Colin C V, Lebedev O I, Deudon C and Payen C 2016
J. Solid State Chem. 237 166
[43] Quilliam J A, Bert F, Manseau A, Darie C, Guillot-
Deudon C, Payen C, Baines C, Amato A and Mendels
P 2016 Phys. Rev. B 93 214432
[44] Clark L, Nilsen G J, Kermarrec E, Ehlers G, Knight K
S, Harrison A, Attfield J P and Gaulin B D 2014 Phys.
Rev. Lett. 113 117201
[45] Watanabe K, Kawamura H, Nakano H and Sakai T 2014
J. Phys. Soc. Jpn. 83 034714
[46] Kawamura H, Watanabe K and Shimokawa T 2014 J.
Phys. Soc. Jpn. 83 103704
[47] Shimokawa T, Watanabe K and Kawamura H 2015
Phys. Rev. B 92 134407
[48] Uematsu K and Kawamura H 2017 J. Phys. Soc. Jpn.
86 044704
[49] Uematsu K and Kawamura H 2018 Phys. Rev. B B 98
134427
[50] Uematsu K and Kawamura H Phys. Rev. Lett. in press
[51] Singh R R P 2010 Phys. Rev. Lett. 104 177203
[52] Tarzia M and Biroli G 2008 Europhys. Lett. 82 67008
[53] Ma S K, Dasgupta C and Hu C k 1979 Phys. Rev. Lett.
43 1434
[54] Dasgupta C and Ma S K 1980 Phys. Rev. B 22 1305
[55] Hirsch J E 1980 Phys. Rev. B 22 5355
[56] Fisher D S 1994 Phys. Rev. B 50 3799
[57] Bhatt R N and Lee P A 1992 Phys. Rev. Lett. 48 344
[58] Motrunich O, Mau S C, Huse D A 2000 Phys. Rev. B
61 1160
[59] Lin Y C, Me´lin R, Rieger H and Iglo´i F 2003 ⁀Phys. Rev.
B 68 024424
[60] Kimchi I, Nahum A and Senthil T 2018 Phys. Rev. X 8
031028
[61] Kimchi I, Sheckelton J P, McQueen T M and Lee P A
2018 Nat. Commun. 9 4367
[62] Wu H Q, Gong S S and Sheng D N 2019 Phys. Rev. B
99 085141
[63] Liu L, Shao H, Lin Y C, Guo W and Sandvik A W 2018
Phys. Rev. X 8 041040
[64] Hams A and de Raedt H 2000 Phys. Rev. E 62 4365
[65] Bennet C H, DiVincenzo D P, Smolin J A and Wootters
W K 1996 Phys. Rev. A 54 3824
18
[66] Hills S and Wootters W K 1997 Phys. Rev. Lett. 78 5022
[67] Wootters W K 1998 Phys. Rev. Lett. 80 2245
[68] O’Connor K M and Wootters W K 2001 Phys. Rev. A
63 052302
[69] Anderson P W, Halperin B I and Varma C M 1972 Phil.
Mag. 25 1
[70] Westerberg E, Furusaki A, Sigrist M and Lee P A, 1995
Phys. Rev. Lett. 75 4302
[71] Westerberg E, Furusaki A, Sigrist M and Lee P A 1997
Phys. Rev. B 55 12578
[72] Damle K, Mostrunich O and Huse D A 2000 Phys. Rev.
Lett. 84 3434
[73] Motrunich O, Damle K and Huse D A 2001 Phys. Rev.
B 63 134424
[74] Mott N F and Davis E 1979 Electronic Processes in
Non-Crystalline Materials (Clarendon Press, Oxford)
[75] Ni J M, Pan B L, Huang Y Y, Zeng J Y, Yu Y J,
Cheng E J, Wang L S, Kato R and Li S Y 2019
arXiv:1904.10395
[76] Bourgeois-Hope P, Lariberte F, Lefrancois E, Grisson-
nanche G, Rene de Cotret S, Gordon R, Kato R, Teille-
fer L and Doiron-Leyraud N 2019 arXiv:1904.10402
[77] Yamashita M 2019 J. Phys. Soc. Jpn 88 083702
[78] Yamamoto T, Fujimoto T, Naito T, Nakazawa Y,
Tamura M, Yakushi K, Ikemoto Y, Moriwaki T and
Kato R 2017 Sci. Rep. 7 12930
[79] Fujiyama S and Kato R 2019 Phys. Rev. Lett. 122
147204
[80] Furukawa T, Miyagawa K, Itou T, Ito M, Taniguchi H,
Saito M, Iguchi S, Sasaki T and Kanoda K 2015 Phys.
Rev. Lett. 115 077001
[81] Shimizu Y, Hiramatsu T, Maesato M, Otsuka A,
Yamochi H, Ono A, Itoh M, Yoshida M, Takigawa M,
Yoshida Y and Saito G, 2016 Phys. Rev. Lett. 117
107203
[82] Tsumuraya T, Seo H, Kato R and Miyazaki T 2015 Phys
Rev. B 92 035102
[83] Yamaguchi H, Okada M, Kono Y, Kittaka S, Sakakibara
T, Okabe T, Iwasaki Y and Hosokoshi Y 2017 Scientific
Reports 7 16144
[84] Ono T, Tanaka H, Nakagomi T, Kolomiyets O, Mita-
mura H, Ishikawa F, Goto t, Nakajima K, Oosawa A,
Koike Y, Kakurai K, Klenke J, Smeibidle P, MeissnerM
and Aruga Kaori H 2005 J. Phys. Soc. Jpn. Suppl. 74,
135.
[85] Li Y, Pan B, Li S, Tong W, Ling L, Yang Z, Wang
J, Chen Z, Wu Z and Zhang Q 2014 New J. Phys. 16
093011.
[86] Gomilsek M, Klanjsek M, Pregelj M, Coomer F C,
LuetkensH, Zaharko O, Fennell T, Li Y, Zhang Q M
and Zorko A 2016 Phys. Rev. B 93 060405(R)
[87] Gomilsek M, Klanjsek M, Pregelj M, Luetkens H, Li Y,
Zhang Q M and Zorko A 2016 Phys. Rev. B 94 024438
[88] Sheckelton J P, Neilson J R, Soltan D G and McQueen
T M 2012 Nature Materials 11 493
[89] Sheckelton J P, Foronda F R, Pan L, Moir C, McDonald
R D, Lancaster T, Baker P J, Armitage N P, Imai T,
Blundell S J and McQueen T M 2014 Phys. Rev. B 89
064407
[90] Mourigal M, Fuhrman W T, Sheckelton J P, Wartelle
A,Rodriguez-Rivera J A, Abernathy D L, McQueen T
M and Broholm C 2014 Phys. Rev. Lett. 112 027202
[91] Kratochvilova M, Hillier A D, Wildes A R, Wang L,
Cheong S-W and Park J-G, 2017 npj Quantum Materi-
als 2 42
[92] Yu Y J, Xu Y, He L P, Kratochvilova M, Huang Y Y,
Ni J M, Wang L, Cheong S-W, Park J-G and Li S Y
2017 Phys. Rev. B 96 0181111(R)
[93] Klanijsek M, Zorko A, Zitko R, Mravlje J, Jaglicic Z,
Biswas P K, Prelovsek P, Mihailovic D and Arcon D
2017 Nature Physics 13 1130
[94] Ribak A, Silber I, Chashka K, Salman Z, Dagan Y and
Kanigel Y 2017 Phys. Rev. B 96 195131
[95] Pal S, Kumar K, Sharma R, Banerjee A, Roy S B, Park
J-G and Cheong S-W 2019 arXiv:1906.10914
[96] Li Y, Liao H, Zhang Z, Li S, Jin F, Ling L, Zhang L,
Zou Y, Pi L, Yang Z, Wang J, Wu Z and Zhang Q 2015
Sci. Rep., 5 16419
[97] Li Y, Chen G, Tong W, Pi L, Liu J, Yang Z, Wang X
and Zhang Q 2015 Phys. Rev. Lett. 115 167203
[98] Xu Y, Zhang J, Li Y S, Yu Y J, Hong X C, Zhang Q M
and Li S Y. 2016 Phys. Rev. Lett 117 267202
[99] Li Y, Adroja D, Biswas P K, Baker P J, Zhang Q, Liu
J, Tsirlin A A, Gegenwart P and Zhang Q. 2016 Phys.
Rev. Lett. 117 097201
[100] Shen Y, Li Y-D, Wo H, Li Y, Shen S, Pan B, Wang Q,
Walker H C, Steffens P, Boehm M, Hao Y, Quintero-
Castro D L, Harriger L W, Frontzek M D, Hao L, Meng
S, Zhang Q, Chen G and Zhao J 2016 Nature 540 559
[101] Li Y, Adroja D, Bewley R I, Voneshen D, Tsirlin A
A, Philipp Gegenwart P and Zhang Q 2017 Phys. Rev.
Lett. 118 107202
[102] Paddison J A M, Daum M, Dun Z, Ehlers G, Liu
Y, Stone M B, Zhou H and Mourigal M 2017 Nature
Physics 13 117
[103] Zhang X, Mahmood F, Daum M, Dun Z, Paddison J A
M, Laurita N J, Hong T, Zhou H, Armitage N P and
Mourigal M 2018 Phys. Rev. X 8 031001
[104] Toth S, Rolfs K, Wildes A R and Ruegg A 2017
arXiv:1705.05699
[105] Li Y, Adroja D, Voneshen D, Bewley R I, Zhang Q,
Tsirlin A A and Gegenwart P 2017 Nature Commun. 8
15814
[106] Ma Z, Wang J, Dong Z-Y, Zhang J, Li S, Zheng S-H, Yu
Y, Che L, Ran K, Bao S, Cai Z, Cermak P, Schneidewind
A, Yano S, Gardner J S, Lu X, Yu S-L, Liu J-M, Li S,
Li J-X and Wen J 2018 Phys. Rev. Lett. 120 087201
